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Duration: 2 hours
Date and time: To Be Determined

You may attempt as many questions as you wish and all questions carry equal marks. Except for
the award of a bare pass, only the best FOUR questions will be counted.

Question 1. (25 marks)

(a) (8 marks) Determine whether or not the knot diagram

S~

is tricolourable.
(b) (4 marks) Find the writhe of the knot diagram in (a).
(c) (& marks) Prove that Reidemester move 2 is invariant for writhe.

(d) (8 marks) Show that from Reidemeister move 1, Reidemeister move 2 and the following

version of Reidemeister move 3
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that this version of Reidemeister move 3 can be derived.

N\ \
/ —

© Queen Mary, University of London, 2007 Continued on next page ...



Question 2. (25 marks)

(a) (8 marks) Define the Jones polynomial J(t) of a knot diagram in terms of it’s writhe W
and Kauffman Bracket. State what is the Jones polynomial Jg(t) of the mirror image of
a knot in terms of the Jones polynomial J(t) of the knot itself.

(b) (6 marks) Find the Kauffman Bracket of the Hopf link:

(¢) (7 marks) Determine the Kauffman Bracket of the figure-8 knot

You may use your answer to (b) and the fact that
‘ ) S- - S -7

(d) (6 marks) Determine the Jones polynomial J(t) of the figure-8 knot.
(e) (3 marks) Show that for the figure-8 knot that J(t) = Jx(t).

© Queen Mary, University of London, 2007 Continued on next page ...



Question 3. (25 marks)

(a) (5 marks) Define what it means for a curve v(t) to be regular. Determine whether the
curve y(t) = (cos(¢?), sin(¢?),t2), t € (—o0, 00) is regular.

(b) (9 marks) Define what it means for a curve (%), f € (&, 3) to be a reparametrization of
a curve ¥(t), t € (a, 8) and prove that 5(f) is regular if and only if y(¢) is regular.

(c) (& marks) State the definitions of the orthonormal triple 7, v and § and state formulae
for the derivatives 7, © and £ involving the curvature K and the torsion 7.

(d) (6 marks) Consider the curve

() = (%(1 2, %(1 _ 4, —\%) . 0<t<lj2

Show that (%) is unit-speed and compute the curvature K and the orthonormal triple 7,
v, B3, for this curve.

Question 4. (25 marks)

(a) (4 marks) Defined signed curvature Kg and prove that |Ks| = K where K is the usual,
unsigned curvature.

(b) Consider the curve
7(t) = (,V1,0), t€(0,00).
(i) (8 marks) Sketch ~(¢).
(ii) (5 marks) Find 7(t), 7(1/4) and tliglo 7(t).
)

(iii) (7 marks) Compute the signed curvature Kg for v(t) and use it to evaluate the

integral
e dt

—dt
1/4 \/5(425 + 1)

(¢) (6 marks) Prove that if y(¢) is a planar curve with torsion T, then T' = 0.
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Question 5. (25 marks)
Let S be the surface defined by

S={(z,y,2):2 ::1:2+y2}.
and consider the surface patches for S defined by
o(u,v) = (u, v, u2+v2), ueR,veR

and
(r, ) = (rcos(9), rsin(f), ), 1>0,0<0 <27

(2) (5 marks) Find the unit normal N, for the surface patch o and sketch the surface deter-
mined by ¢ indicating the direction of N, at a couple of typical points.

(b) (6 marks) Find the unit normal N for the surface patch & and show that N; = N, for
values of 4 and v corresponding to r and 6.

(c) (6 marks) Find the first and second fundamental forms for the surface patch &.

(d) (8 marks) Use your answer to (c) to determine the the surface area of the part of S with
2z < 2.

Question 6. (25 marks) Let v(t) = o(u(t), v(t)) be a unit-speed curve on the surface patch

a(u,v) = (ucos(v), usin(v), v).
E F
(a) (4 marks) Compute the first fundamental form ( F G > for o.

(b) (8 marks) Show that 4? + (1 +u?)0® = 1, where & = Zu(t) and v = Lu(t).

(c) (5 marks) Show that if v is a geodesic on 0. Use the second geodesic equation

% (Fi+ Go) = % (Buu® + 2F, 00 + Gy1?)

to show that v = T2, where a is a constant.

marks) Using the fact that 22 = 2, now show that
d) (7 ks) Using the f h gz 2 h h

u

(%)2 T 0-a +(f2)(1 Fu?)

(e) (6 marks) Find the geodesics for a = 0 by solving the equation in (d) and show that if
a =1 then the functions v = vo + sinh™ (1/u), vo a constant, solve the equation in (d).
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